Introduction and basic facts
Let G be a finite group (all groups considered in this paper are finite). It is known that if the derived subgroup G of G normalizes each subgroup of G, then G is nilpotent [2] . By N(G) denote the intersection of the normalizers of all subgroups of G and by ω(G) denote the intersection of the normalizers of all subnormal subgroups of G. Those concepts were introduced by R. Baer and H. Wielandt in 1934 and 1958 , respectively, and were investigated by many authors, for example, see [1, 2, [4] [5] [6] [7] 9, [14] [15] [16] . Naturally, one can ask that what can be said about the finite groups G satisfying the following condition: G normalizes the derived subgroups of all the subgroups of G? In the note we give an answer to the above question. In fact, we shall study this question in a more general way. First of all, we give the following: 
2. F dn -groups Definition 2.1. For a finite group G, there exists a series of normal subgroups:
for the terminal term of the ascending series.
Throughout the paper, we denote by F dn the class of finite groups G with G nilpotent. It is well known that F dn is a saturated formation containing all supersoluble groups. Moreover, the group G = [N]H means a semidirect product of a normal subgroup N and a complement subgroup H , H G is the normal core of the subgroup H in G.
In this section, the groups in F dn are characterized by means of the subgroup D ∞ (G). [3, Corollary 2, p. 159] .) The following properties of the group G are equivalent:
(ii) Every homomorphic image of G induces in each of its minimal normal subgroups is a cyclic group of automorphisms;
the terminal term of the ascending series of G/N. We claim that D 
(ii) ⇒ (iii): We first show the following simple fact:
In fact, we may let X = 1. Then H X holds always for each subgroup H of X , we have Proof. By Theorem 2.5, G is nilpotent. Suppose that conclusion (ii) is false and let G be a counterexample. Namely, G is a D-group with the class of G 3. Set
The fact follows. Using this fact and noting that
As both Z (G ) and G are normal in G, of course, Z is normal in G. Consider the quotient group G/Z .
We shall finish the proof by the following 4 steps.
Step 1. The class of G 3 implies that G /Z is a non-abelian nilpotent group (otherwise G Z Z (G ), which shows that the class of G is at most 2), so that there exists a minimal non-abelian p-subgroup B/Z in G /Z for some prime p. Applying the condition, we have B P G, and B G .
As the derived subgroup of a minimal non-abelian p-subgroup is of order p (see [12] Step 2. As B = Z B, we may choose a minimal supplement Step 1) and
Step 3. Consider the section (B 1 ) Z 1 /Z 1 . Because a minimal non-abelian p-group is generated by two elements (see [12] ), we may let (
Consequently, (B 1 ) is a normal cyclic p-subgroup of G.
Step 4. As the automorphism group of a cyclic p-group is abelian group, we see that 
Z (H) and it follows that H would be abelian, a contradiction. The proof is now complete. 2
The previous Example 1. 3 shows that not all the groups of order p 6 are D-groups.
Applications
Gaschütz and N. Itô proved that if all minimal subgroups of a group G are normal (which are called PN-groups), then G is soluble and the Fitting length of G is at most 3 ([11, Satz 5.7, p. 436] or [8, Theorem 1.1]). In this section, the following dual problem is considered: study the finite groups all of whose minimal subgroups normalize each derived subgroup of every subgroup of G.
Theorem 4.1. Let G be a finite group. If all elements of prime order of G are in D(G), then: (i) G is solvable;
(ii) The Fitting length of G is bounded by 3. properties:
Proof. We firstly show (i). Assume that the theorem is false and let
for some odd integer. In particular, we may assume that k is a prime. Consider the proper subgroup x, y (in fact, xΦ(G), yΦ(G) /Φ(G) is a dihedral subgroup of G/Φ(G)), this subgroup is soluble and possesses a Hall-{2, k} subgroup, we call it H . Let K be a minimal supplement of H ∩ Φ(G) in H . This is a supersoluble subgroup of G, and H is a cyclic k-subgroup. Choose an odd prime q different from k which divides |G : Φ(G)|, such a prime exists since the order of a non-abelian simple group is divisible by at least three primes. Let Q be the The proof of (ii): Let p be any odd prime dividing |G| and let P be a Sylow p-subgroup of G. According to (i), we have 
M F p (G).
This is an abelian group. Set T for the intersection of all F p (G). Then T is p-nilpotent for every odd prime p, and hence T is an extension of an abelian 2-group by a nilpotent group of odd order. Thus we get a series of normal subgroups of G:
where T 2 is the Sylow 2-subgroup of T . In this series all the factor groups are nilpotent, which
indicates the Fitting length of G is at most 3, completing the proof. 2
Referee's problems
Referee gave the following problems:
Problem 5.2. For any group G, the following statements are true:
In order to prove Problems 5.1 and 5.2, we give the following theorem. We claim the following conclusions.
Step 1. For any prime q with q = p, G/C is q-nilpotent.
Suppose contrary for some fixed q, so that G/C is a non-q-nilpotent. Thus there exists a non-q-
is a minimal non-q-nilpotent group. In the light of a theorem of Itô [11, Satz 5.5 
Step 2. G/C is p-closed, that is, the Sylow p-subgroup C P /C of G/C is normal.
By
Step 1, G/C is q-nilpotent, so let H(q)/C be the normal Hall q -subgroup of G/C for every prime q with q = p. Write
As H(q)/C is a q -group and P H(q) for all q, we see that T /C is a Sylow p-subgroup of G/C and normal, as desired.
Step 3. G T .
Step 2, G/T is a p -group. Then there exists a p -subgroup W of G such that G = T W . Then N normalizes W and hence centralizes W . Consequently, W C , and it follows that G/T is abelian. Thus G T .
Step 4. Finishing the proof.
As P is a Sylow p-subgroup of T containing N, then N ∩ Z (P ) = 1. There exists an element x such that x ∈ N ∩ Z (P ) and x = 1. Now C C G (x) and P C G (x), it follows that T C G (x). Consequently, 
